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In order to understand the initiation behavior of microstructurally small cracks in a stress corrosion cracking condition,
it is important to know the tensile normal stress acting on the grain boundary (normal GB stress). The local stress in a
polycrystalline body is enhanced by the inhomogeneity which stems from the shape and orientation of each grain. The
stress in a three-dimensional polycrystalline body consisting of 100 grains with random orientation, under a remote uni-
form tensile stress condition, is evaluated by the ﬁnite element method. It was revealed that the local stress on the poly-
crystalline body is inhomogeneous under uniform applied stress and becomes large at those grain boundaries that are
perpendicular to the load axis, though there is large ﬂuctuation. It was also shown that the normal GB stress tends to
be large near the triple points due to the deformation constraint caused by adjacent grains. Finally, the maximum stress
on the surface of a large component caused by the inhomogeneity was evaluated by using Gumbel statistics.
 2006 Elsevier Ltd. All rights reserved.
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Although the macroscopic behavior of polycrystalline materials is isotropic and homogenous in terms of
elastic deformation when the materials have random crystallographic and morphologic texture, the anisotrop-
ic property of each crystal produces nonuniform stress at the microstructural level (hereafter local stress) even
under a uniform remote stress condition (Hashimoto and Margolin, 1983; Nichols et al., 1991; Schroeter and
McDowell, 2003; Kamaya and Kitamura, 2003). Such stress ﬁeld due to inhomogeneity plays a critical role in
the initiation and growth behavior of microstructurally-small-crack (Kamaya and Kitamura, 2004). For
example, in intergranular stress corrosion cracking (SCC) of nickel alloy in high-temperature water, the ini-
tiation of a crack, which the size is about one grain boundary length, greatly depends on inclination of grain0020-7683/$ - see front matter  2006 Elsevier Ltd. All rights reserved.
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3268 M. Kamaya et al. / International Journal of Solids and Structures 44 (2007) 3267–3277boundary to the tensile axis (Kamaya, 2004). Cracks tend to be initiated easily at grain boundaries which incli-
nation is perpendicular to tensile axis. This suggests that the local stress perpendicular to the grain boundary
(hereafter normal GB stress) governs the cracking behavior. In other words, in order to precisely predict
cracking characteristics, it is crucial to understand the mechanics of local stress (normal GB stress in the
SCC condition), which is the ‘‘driving force for cracking’’, under the complex microstructure due to the ran-
dom shape and orientation of the crystal grains.
The ﬁnite element method (FEM) is a popular tool for analyzing stress state in a component. Several
research works have been done on the stress distribution of two-dimensional polycrystalline silicon (Mullen
et al., 1997) and ceramics (Sakaida and Sata, 2003; Serizawa et al., 2004) by ﬁnite element models. Also, some
pioneering studies have been tried to evaluate three-dimensional polycrystalline structures (Lewis et al., 2005;
Sumigawa et al., 2004; Zhao and Tryon, 2004; Kanit et al., 2003; Iesulauro et al., 2002; Sarma et al., 1998;
Hashimoto and Margolin, 1983). In order to evaluate the crack initiation due to high-cycle fatigue, Sumigawa
et al. (2004) investigated the resolved shear stress (RSS) using a three-dimensional polycrystalline model,
which was reproduced from an actual copper polycrystalline specimen consisting of 37 grains, and compared
the result with experimental observations. They pointed out that the stress concentration occurred near the
grain boundaries due to the deformation constraint, and this brought about a persistent slip band (potential
site of crack initiation) in the fatigue. Although they successfully identiﬁed the three-dimensional geometry
and structure of polycrystalline material by careful experimental observation, it is diﬃcult to make the same
approach for actual components. A statistical approach may contribute to the reasonable estimation of the
local stress feature, such as maximum, minimum and distribution. Moreover, the governing stress component
is dependent on the cracking condition: RSS on the surface in fatigue (Sumigawa et al., 2004), normal GB
stress on the surface in SCC (Kamaya, 2004), normal GB stress inside of the body in creep (Kitamura
et al., 1993), and so on.
In the present study, in order to investigate the features of the normal GB stress distribution on the surface
of polycrystalline materials, the FEM analysis is conducted using a three-dimensional polycrystalline ﬁnite ele-
ment model with a random structure. Characteristics of the local stress distribution, especially the normal GB
stress distribution, are discussed.
2. Procedure of analysis
2.1. Polycrystalline body
Fig. 1 illustrates the geometry of the analyzed polycrystalline body of length 2L, width L, and thickness L,
and a uniform tensile stress, So, is applied at the top and bottom. Grains in the body are generated by the
following procedure (Kitamura et al., 1993; Zhao and Tryon, 2004; Kamaya, 2004):
(1) Nuclei are located at random positions in the body.
(2) A grain grows from a nucleus. It expands at a constant speed until the fronts of two adjacent grains
meet.
(3) A grain boundary is formed on the border between the two grains.
(4) The numerical calculation is completed when the body is ﬁlled with the grains.
In this study, 100 nuclei are introduced and their locations are determined by uniformly random numbers.
Fig. 2 shows a polycrystalline body consisting of 100 grains. By changing the random numbers, 15 polycrys-
talline bodies were generated and the cumulative probability of grain boundary length observed at the surface
is shown in Fig. 3 (L = 60lm) together with that of the actual nickel alloy (Kamaya and Totsuka, 2002). This
veriﬁes the statistically successful reproduction of the grain arrangement by the above procedure.
2.2. Finite element model
The general-purpose ﬁnite element program ABAQUS, Version 6.4, (ABAUS, 2003) is employed for the
stress analysis. The model is shown in Fig. 4, in which the mesh is prepared using the commercial mesh gen-
Fig. 2. Generated three-dimensional polycrystalline body.
Fig. 1. Geometry and boundary condition of polycrystalline body.
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shown in Fig. 4 consists of 307729 4-nodes solid elements, and is divided into relatively ﬁne elements near
the grain boundaries and their junction points. Each grain with random crystallographic orientation has
the elastic constants of nickel single crystal, C11 = 246.5 GPa, C12 = 147.3 GPa and C44 = 124.7 GPa.3. Results and discussion
3.1. Stress distribution
Fig. 5(a) shows the Mises equivalent stress normalized by the applied stress, Sm/So, on face 1 deﬁned in
Fig. 2. The magnitude of stress on the surface is scattered approximately in the range of 0.6–1.8 times the
Fig. 3. Distribution of grain boundary length (Ni alloy, L = 60 lm).
Fig. 4. Three-dimensional polycrystalline ﬁnite element model where grain boundary network is superposed.
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(2004), the stress concentration is attributed to the deformation constraint caused by adjacent grains.
Fig. 5(b) shows the stress distribution along a line parallel to the x-axis. Here, the stresses near the surface
are obtained by interpolations of adjacent integral points of the solid elements. The stress jump suggests that
Fig. 5. Mises equivalent stress distribution on the surface obtained by the ﬁnite element analysis. (a) Stress distribution (Grain boundary
network is superposed). (b) Along the x-axis; y = L, z = L/50.
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grains.
Fig. 6 shows the grain boundaries that possess high normal GB stress. The normal GB stress was calculated
as average of the stress at integral points of the elements which put the grain boundary between them at the
surface. The thick lines show the portions with high normal GB stress. In a homogenous and isotropic mate-
rial, the normalized normal GB stress, Sn/So, should be less than 1.0. However, Fig. 6 implies that the normal
GB stress exceeds Sn/So = 1.0, and becomes more than Sn/So = 1.49 at a grain boundary. The high stress
tends to appear at GBs with the low inclination to the load axis (perpendicular to the load axis). The thick
lines (high stress) tend to appear at the edges of grain boundaries.
Fig. 6. Normal GB stress distribution together with the grain boundary network.
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Fig. 7(a) shows the relationship between the grain boundary inclination against the load axis, p, and the
normal GB stress on the surface in the ranges shown by the broken squares in Fig. 6 (hereafter measurement
area). The areas near the edges and the top/bottom are excluded to avoid the inﬂuence of boundaries. For a
homogenous and isotropic material, the normal GB stress is given bySn ¼ So cos2p ðfor a homogenous and isotropic materialÞ: ð1Þ
The normal GB stress calculated approximately follows this equation though there is large ﬂuctuation. The
grain boundaries with cos2p > 0.85 (p ﬃ 23) show a high stress, Sn/So > 1. In the previous study (Kamaya
and Kitamura, 2004), we developed a Monte Carlo simulation for the prediction of microstructurally-
small-cracks. In the simulation, the driving force of intergranular cracks was evaluated by Eq. (1), where
the angle p was statistically assigned based on the experimental observation. However, not only the inclination
angle p but also the deviation from Eq. (1) should be taken into account for more realistic simulation. Since
the distribution of deviation from Eq. (1) can be regarded as following a normal distribution as shown in
Fig. 7(b), the crack driving force can be evaluated statistically using the distribution parameters, which are
summarized in Table 1. In Fig. 7(b) the data obtained from 15 polycrystalline bodies are used. The table shows
the mean value, standard deviation, maximum and minimum values that are evaluated using all data shown in
Fig. 7(b), in addition to the values evaluated using the data of high inclination angle of more than
cos2p = 0.85.3.3. Inﬂuence of distance from triple point
Fig. 8 shows the normal GB stress along a grain boundary on face 1, where d denotes the distance from the
junction of grain boundaries (hereafter triple point). The normal GB stress changes along the grain boundary
and becomes large near the triple points (grain A). As shown in Figs. 5 and 6, due to the deformation con-
straint, the normal GB stress tends to be large near the triple points. As mentioned, the normal GB stress
greatly depends on grain boundary inclination as shown in the stress change along the grain boundary
‘‘B’’. And the change in stress near the triple point does not necessarily occur. Fig. 9 shows the change in
the normal GB stress with the distance from the triple points in the measurement area. The data is obtained
Fig. 7. Inﬂuence of the grain boundary inclination to the applied stress on the normal GB stress. (a) Relationship between normal GB
stress and grain boundary inclination (b) Distribution of Sn/So-cos
2p.
Table 1
Statistical parameters of normal distribution for Sn/So-cos
2p
All data cos2p > 0.85
Number of data 6882 1199
Mean value 0.009 0.015
Standard deviation 0.160 0.185
Maximum value 0.818 0.784
Minimum value 0.795 0.549
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points.3.4. Inﬂuence of crystal orientation
The relative elasticity between adjacent grains is one of the important factors in the deformation constraint.
Equivalent elastic modulus along the load axis was calculated for each grain. Fig. 10 shows a cumulative prob-
abilities F of the averaged equivalent elastic modulus of two grains which form each grain boundary. Here, the
equivalent elastic modulus is normalized by the average of macroscopic elastic modulus of 15 polycrystalline
bodies (Eo = 214035 MPa), which is obtained from relation of displacement and stress at the end of the body.
The distribution suggests that the equivalent elastic modulus changes depending on the grain boundaries. The
cumulative distribution obtained using the value of grain boundaries which show top 10% of averaged normal
GB stress is also shown in Fig. 10. The averaged normal GB stress, Sna, is evaluated by the following equation;
Fig. 8. Normal GB stress along grain boundaries.
Fig. 9. Relationship between normal GB stress and distance from triple point.
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; ð2Þwhere SðiÞn and di are the normal GB stress and surface length of the i-th element on the grain boundary. The
grain boundaries of large normal GB stress tend to possess large equivalent elastic modulus. Therefore, the
normal GB stress is aﬀected by the crystal orientation.
It is possible to investigate the relative orientation between the two grains and their surrounding grains. In
this study, however, clear correlation could not be found, because the shape and size of surrounding grains are
not uniform and extent of surrounding grains seems to spread to a size of a few grains. From the result of
Fig. 10, it is deduced that not only the crystal orientation of the two grains but also those of surrounding
grains have inﬂuence on the normal GB stress.
3.5. Statistical evaluation
Fig. 11 shows the cumulative probability of the averaged normal GB stress on the surface in the measure-
ment area. At about 10% of grain boundaries, the averaged normal GB stress exceeds 1.0So, and the maximum
is 1.69So. In this ﬁgure, the inclination of the curve slightly changes at the stress of 0.95So, implying that grain
boundaries with high stress are sparse.
Fig. 10. Cumulative probability of equivalent elastic modulus.
Fig. 11. Cumulative probability of averaged normal GB stress on the surface normalized by applied stress.
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probabilistic sheet. The linear relation implies that the maximum Sna follows the Gumbel statistic and can be
predicted statistically for large components. The heat aﬀected zone (HAZ) of welding is one of the preferential
sites of SCC crack initiation. For the HAZ of a 4-inch diameter pipe, the size of the sensitive area for the crack
initiation is about 3600 mm2 when the width of the HAZ is assumed to be 10 mm (JSME, 2004), and which
corresponds to 106L2 for the nickel alloy. By assuming the grain textures being the same as the polycrystalline
bodies used in this study, the maximum magnitude of Sna in this area can be estimated by extrapolating the
regression line in Fig. 11. Since the eﬀective area of the measurement area in the FEM model was 3.6L2, the
cumulative probability, F, for 106L2 becomes F = (106/3.6)/(106/3.6+1). The corresponding reduced variable y
can be evaluated using the following equation:y ¼  ln½ lnfF g: ð3Þ
On the other hand, the regression line in the Gumbel plot isy ¼
Sna
So
 1:21
0:0811
: ð4Þ
Fig. 12. Gumbel probability plot for normalized normal GB stress on the surface.
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So
¼ 12:5 0:0811þ 1:21 ﬃ 2:22: ð5ÞThus, even if a uniform stress of So is applied at the end of the body, the maximum normal GB stress would
exceed 2.22So on the surface of a component which is larger than 10
6L2.
4. Summary and conclusions
In order to investigate the local stress in polycrystalline materials, polycrystalline bodies consisting of 100
grains of random orientation were analyzed by three-dimensional FEM. The focus was on the normal GB
stress which is the driving force of the initiation of microstructurally-small-cracks in SCC. The results are sum-
marized as follows:
(1) The Mises equivalent stress on the polycrystalline body is inhomogeneous under uniform applied stress.
(2) The normal GB stress is dependent on the grain boundary inclination though there is large ﬂuctuation.
The distribution parameters of the ﬂuctuation were obtained.
(3) The normal GB stress tends to be large near the triple points due to the deformation constraint caused
by adjacent grains.
(4) The grain boundaries on the surface with high stress Sna/So > 1 account for about 10% of all grain
boundaries. The maximum stress can be predicted by using Gumbel statistics, and it reaches 2.22So
on the surface of a 4-inch diameter pipe with HAZ.
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